MIYAWAKI'S Fi2 SPINOR L-FUNCTION CONJECTURE 

BERNHARD HEIM 

Abstract. In this paper we prove the Miyawaki conjecture related to the spinor 
L-f unction of a Siegel cusp form of weight 12 and degree 3 as a special example of 
results related to Miyawaki lifts of odd degree. 



1. Introduction 

At a time when no one had a clear idea how to systematically generalize Saito- 
Kurokawa liftings to cuspidal automorphic forms, Isao Miyawaki [llj made two precise 
conjectures. We follow Miyawaki's notation. Let F12 be the unique (up to scalar) Siegel 
cusp form of degree 3 and weight 12. Armed with rich numerical data and certain 
insights, Miyawaki determined the local factors of the spinor L-function L{s, F12) at 
the primes p = 2,3 (see Theorem 4.2 in his paper). He further showed that this implies 
a certain degeneration of the standard L-function of F ([11], Section 6). The conjecture 
related to the standard L-function was recently proven by Ikeda [9]. Miyawaki states 
in his paper: 

. . .the author believes that the above theorem (Theorem 4.2) 
will be true for any prime p (Conjecture 4.3). 
In this paper we can manifest his belief in a theorem. Our proof builts on results of 
Andrianov [1], Yamazaki [T5], Ikeda P|[9], Hayashida [7j and others. 

Theorem Let F12 be the Siegel cusp form of degree 3 and weight 12, as given in 
jll] . Then the spinor L-function L(s, F12) is given by 

(1.1) L(s, F12) = L{s - 9, A) L{s - 10, A) L(s, A ® ^20)- 

Here L{s, A) is the Hecke L-function of the Ramanujan function A and L{s, A ® g2o) 
the Rankin L-function of the convolution of A with the newform g2o of weight 20. 

Supplementary we want to mention, that the spinor L-function L(s, F12) has a holo- 
morphic continuation to the whole complex plane and is the first example of a spinor 
L-function of a Siegel cusp forms of degree 3 which satisfies a functional equation. This 
is compatible with Miyawaki's [llj and Andrianov's ^ conjectures about the F- factors 
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and functional equation, where s ^— — 5 — s with weight k. A manuscript related to 
the analytic properties and Deligne's conjectures [1], [13], [IS] of the spinor L-function 
of cusp forms of odd degree is under preparation. 

Acknowledgements 

After this paper was finished Prof. Katsurada kindly informed the author about the 
work of Kenji Murakawa ^iSj. We add some remarks at the end of the paper towards 
the relation. 

2. Ikeda's lifts and Hayashida's construction 
Let R be any subring of the real numbers M. Then 

G+Sp„(i?) := {7 G GUn{R)\ iJnl' = /i(7) Jn. Kl) > O}, 

where J„ = ( o")- The group G^Sp„(]R) acts on the Siegel upper half-plane S)n 
of degree n by ( " d) (-2) := {az + b) {cz + d)~^ . Let n, k be positive integers. For a 
holomorphic complex valued function F on Sjn and 7 G G'''Sp„(R) the Petersson slash 
operator \k is given by 

F\k^{z) := det(cz + d)'^ F{^{z)). 

The space of Siegel modular forms MJ! of weight k and degree n is given by all F 
with the invariance property -F|yt7 = F for 7 G r„ = Sp„(Z) and certain well known 
growth conditions in the case n = 1. The subspace of cusp forms we denote by S^. For 
F,G E S]^ we have the Petersson scalar product {F, G) . Let be the Hecke algebra 
assoziated to the Hecke pair 

(r„,M2„(z)nG+Sp„,(Q)). 

Then it is well known that this Hecke algebra decomposes in an infinite restricted 
tensor product ®pHp of local Hecke algebras generated by 

T(p)(") := r„diag(l„;pl„)r„, 

Trip^Y'"^^ := r„diag (plr, l„-r;plr,P^ln-r) r„ {0 < r < u) . 

The action of the Hecke algebra on 5*^ is induced by the action of T = F^^fF^ = UjF^^fj 
(disjoint) via 

(2.1) F|,T := J]/i(^7,)"'=-"("+i)/2 F\,g,. 

i 

Let F G S*^ be an eigenform for all Hecke operators T with eigenvalue Xf{T). For 
T{pd)H := J2g,f,{g)=p'i ^ngTn, whcrc g runs through M2„(Z) n G+Sp„(Q) with different 
elementary divisors, we set Xf(T) = Xpip"^). 
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For the reader's convenience we use Miyawaki's notation for the spinor and standard 
L-function. Hence, for s G C with Re(s) ^ the spinor L-function is denoted by 
L{s,F) = Y[pLp{s, F) and the standard L-function by L{s,F,st) = Y[pLp{s, F, st). 
These are holomorphic functions. Let F G 5*^ be a primitive newform (normahzed 
Hecke eigenform) with Fourier coefficients a{n). Then L{s,F) = Ylm^i'^) ^''^ 
L{s,F,st) = J2m m'^. We drop the index n = 1 in the context of 

eUiptic modular forms. 

Let g G be a primitive newform with parameters (determined by the 

eigenvalues a{p) = (ap + ap^)p^'^''~^^^'^ and la^l = 1). Then the p-part of the Hecke 

L-function L{s,g) is given by ((1 — app^'*+'^"(^/^))(l — a~'^p^'^^''^^^/^'')) ^ . In [8], for 
every positive integer m = k (mod 2), Ikeda explicitly constructed a Hecke eigenform 
G = Ik+mid) ^ ^k+mj whose Standard L-function is equal to 

2m 

(2.2) (^^s)l[L{s + k + m-j,g). 

i=i 

Recently Ikeda introduced the concept of Miyawaki lifts and by techniques from 
representation theory obtained the following main result (Theorem 1.1 in his paper). 
Let m, r, G N and n a non-negative integer with m = n + r and m = k (mod 2). 
Let g G be a primitive newform and G G 5*1™^ be the Ikeda hft of g. We fix the 
imbedding ji x j2 : iD2n+r x — > i32n+2r, given by (r, f) i-^ ( 5 ° )• Then the pullback 
G o {ji X J2) can be viewed as a cusp form on Sjr if we fix the variable on S)2n+r- Hence 
the function 

(2.3) gg^f,{z):={Goj,{z,*),h), 

where h G 5*^+^ is well defined. Let g he a Hecke eigenform and Qg^h not identically 
zero. Then Qg^^ is a Hecke eigenform with standard L-function 

2n 

(2.4) L(s, h, st)YlL{s + k-n- i, g). 

i=l 

Applications : 

Let g2o G 6*20 and A G 5*12 be the unique primitive newforms. By numerical calculations 
Ikeda has checked that Qg2o,A is not identically zero. Hence this function has the same 
eigenvalues as the function F20 introduced by Miyawaki, since dimS'^j = 1- So, finally, 
the standard L-function of F12 is equal to 

(2.5) L{s, A, St) L{s + 10, g2o)L{s + 9, (720)- 



This proves Miyawaki's conjecture related to the standard L-function of F12. 
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Ikeda's proof of Theorem 1.1 (see [9]) depends upon properties of unramified principal 
series of Sp2m over p-adic fields. It is directly related to the "even" Hecke algebra of 
the Hecke pair 

(r„,M2„(z)nSp„(Q)). 

Hence it does not cover the eigenvalues A^^j (p) necessary to study the spinor L-function 
of Fi2. To avoid this gap we choose a different approach to study the spinor and 
standard L-functions of a Hecke eigenform, namely, we use Hayashida's description of 
Ikeda lifts [7] in the frame work of Jacobi forms and Fourier- Jacobi expansions of Siegel 
modular forms. It is in the spirit of Yamazaki's proof [T5] of the Maass relations of 
Siegel Eisenstein series and Eichler and Zagier's description of the Maass Spezialschar 

Let G G S*^™" be a non-trivial cusp form of integer weight k and degree 2m. We will 
be mainly interested in the case k = k + n + l and m = n + 1. We further consider the 
Fourier Jacobi expansion 



(2.6) ^[11 =E'^S^(^'^) ^' 

where q := e^'^*'^. It is well known that the Fourier Jacobi coefficients <l>^^ are Jacobi 
cusp forms j^'^P'^'^-i Qf ^^^eight k, index /, and degree 2m — 1 on S^2m-i •= ^2m-i x 
^2m-i Q _ j2m^g^ Ikeda lift of the primitive newform g G with 

K = m + k. Then Hayashida [7] proved that there exists an operator 

(2.7) D2m-i (l, {a,},) : JZ'''""-' jy,2m^l^ 
where {a^jp are the parameters of g, with the fundamental property 

In the following we briefly recall the explicit definition of this operator. We also would 
like to refer to the work of Katsurada and Kawamura [lOj for a further application of 
the Hayashida's Fourier Jacobi model of Ikeda lifts. Let R be any subfield of M. Let 
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G G^Sp2m(-R)| 01,13 E R and positive 



Then we set z/(7) := a/ (3 and Ti^_^ := H G^^_i(M). With $ G put 
$ := $ g*. Define the Petersson slash operator for 7 G (j2m-i(-'^) 
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Yamazaki [15j introduced the two Hecke operators T-^{p) and Tj/2m(P^) the space 
•^kT'''^™"^ by the double cosets 

(2.9) 

^2m-l diag (l2m-l,P;pl2m-l, 1) r2m-l and 

(2.10) diag {pl2m-i,P^;phm-i, l) J- 2m-l- 

More generally (we mainly follow Hayashida's normalization) let M G Gjm-il^) 
let the disjoint decomposition 

i 

be given. Then we define 

(2.11) <^U,iT^ := ;y(M)"^''-(2"-i)™ J2 "^l^^iMi. 

i 

Now we recall the definition of the operators Dim-x ({q^pIp)? where {ap}p are the pa- 
rameter of G 5*2^; through the following formal Dirichlet series: 

^D2,n-i (/,{ap}p) V' : = 

nil - G'("^)K) T^(P) 1)(-+2)/2-. ^ To;^^_^(p2) p2„^(2„^-l)-l-2.|-l_ 
P 

Here G'^p^[a^ = 1 and 

(2.12) G('")(ap)= n (l + «;V'~'^^/')}~' 

l<i<m-l 

otherwise. Finally, we have 

Corollary 2.1. Let m G N and p a prime. Then 

(2.13) /^2rn-i(p, {ttpW = )(ap) T^(p)p(— 1)(-+2)/2_ 
In the cases m = 1 and m = 2 we have 

(2.14) D^{p, {a,}) = T\p) and D:,{p, {a^j^) = p" (a^) r^(p). 

Moreover, let h{n) be the Fourier coefficients of the primitive newform g G 5*2^;. Then 
we have 

G,{a,) = {p^ (5(p) 

Let W be the Witt operator related to the imbedding S^2m-i x ^ — ^ ^2mi ij, ^) ^ 
(5 ?). Then W<l>f is an element of Sl^^-^ and WG G ® We consider the 
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Witt map with respect to the Fourier Jacobi expansion of an Ikeda hft G e S"^, where 
m — n-\-l and k — k -\- n -\- 1. 

oo 

1=1 

Here G is an Ikeda hft related to g & S2k with Satake parameter ap,a~^ of absolute 
value one. Using Hayashida's discovery of a certain operator D2n-i{'iTi, {oip}p) with the 
property = ^i\D2m-i{l, {(^p}p), our approach is reduced to determination of 

oo 

(2.15) ^w($^,i|D2„_i(/,K}^)) {t,z) 

1=1 

We consider how the Witt map interacts with the operator \i^D2n-i{rn-i {o.p}p)- It is 
obvious that there exist symplectic Hecke operators t^^^"*"^) g Ti^^'^ such that 

oo 

(WG)(T,f) = 

1=1 

oo 

1=1 

After a straightforward calculation we obtain the following Lemma. 

Lemma 2.2. Let G e S"^ be an Ikeda lift of g & S2k, where k = k + m. Then for 

every prime p: 

(2.16) W$;^^p = pH-i)H+2)/2 p-(.m-i)K G'M(ap) (W$^^i) UT^^™- i)(p). 
Remark. For m = 1 we have W$^_p = (W$^^i)UT(p) and for m = 2 we have 

(2.17) ^^%p^p'-^ («p) (w$J0ur(3)(p). 

In the more general case m = 3 we have 

(2.18) W^^^^p'-'^ Gf (a,) {W<^%,)\,T('\p). 

Theorem 2.3. Let k > m and G e -S'^^^ &e an Ikeda lift attached to the primitive 
newform g G S2k- For a Hecke eigenform H e 'S'|+~^ and a primitive newform h e 
Sk+m we have: 

{WG, H^h)^0 
if and only if (W$^_^_^ ^, H) and Xh{p) is equal to Xh{p) times 

(2.19) p(— 1)(-+2)/2 p-(m-i)ik+m) "Q | ^ apP^'-''^/') (l + a^'p^'-''^') y\ 

l<i<m-l 

Here ap,a~^ are the parameters of g. 
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Proof. Assume k > m, so we can extend H to an orthogonal Hecke eigenbasis {Hi)i of 
^•2m-i^ where k = k + m and H = Hi. Simihar we extend h to a primitive newform 
basis {hj)j of with h = hi. Then we have 

WG = J2(^f,jH,^hj. 

Hence, {WG,Hi (g) hj) is equal to afj || Hi ||^|| hj p. On the other side, we can also 
employ the Fourier Jacobi model of Ikeda lifts in the style of the Maass Spezialschar. 
Then we obtain for (WG( ,f),Hi) the expression 

oo 

(2.20) mZi'H^) Y.XhXT,''^-')^- 

1=1 

Here we used several results related to the Fourier Jacobi expansion of Ikeda lifts and 
the fact that the operators 7^^™-~^ had been choosen and normalized in such a way that 
they are self-adjoint with respect to the Petersson scalar product. For / = 1 we have 
the identity. Let (W$^^i,ffi) ^ 0. Then it follows from [9] that T.Zi ^hA'^i'^""^) 5* 
is a primitive newform, since multiplicity-one for SL2 is available [H]. Hence, it is 
equal to one of the newforms among the basis {hj)j. Since the eigenvalues XhX'^p^~^) 
already determine the newform, the theorem is proven. □ 

Corollary 2.4. Let G G S"^ he an Ikeda lift with non-trivial Witt image WG. Then 
there exists a Hecke eigenform H G 5'^'""^ and a primitive newform g & such that 
tthij)) is equal to Xnip) times the expression h2.19\) . If we normalize H in the case 
m = 1, then H = h. 

Let G G S*^ be an Ikeda lift = k + 2) associated to the primitive newform g G S2k 
with non-trivial Witt image. Then there exists a Hecke eigenform G 5*^ and a 
primitive newform /i G such that 

(2.21) Xh{p) = X,{p) (a,(p) +p'+ p'-') . 
Applications : 

Let G G 5*^2 be the Ikeda lift associated to g2o G 5*20 • Then numerical observations show 
that the Witt image of F is non-trivial (see for example [9j). Since dim5'f2 = dimS'12 = 1 
we obtain 

(2.22) XF,,ip) = aA(p)(a,,o(p) 

3. The spinor L-function of Miyawaki lifts of degree 3 

Miyawaki formulated his conjectures very explicitly. Hence, we restrict ourself in 
this section exclusively to Siegel cusp forms of degree 3. We do not consider Eisenstein 
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series, since their L-functions are related to modular forms of lower degree via the 
Siegel ^-operator. 

Let F E S^he a Miyawaki lift associated to an Ikeda lift of degree 4. We prove that 
the spinor L-function of F satisfies the Miyawaki property (P) given in [H], page 326. 
This can be stated in the following way: There exist two primitive newforms / G Sk^ 
and g G Sk^ with k\ = n and k2 = 2n — A such that the spinor L-function L(s, F) is 
given by 

(3.1) L(s, F) = L{s-K + 2, /) L{s-K + 3, /) L(s, f ® g). 

Here L(s, /) is the Hecke L-function of / and L(s, f ® g) the Rankin L-function of / 
and g. For the readers convenience we give a precise definition of these L-functions. 
Let /i G 5*^ be a primitive newform with local parameters {a^jp. Then 

oo 

(3.2) L(s, h) := cih{m) m'' = JJ det (I2 - p^^^-^^/^ 

m=l p 

is a the Hecke L-function of h. Further, let / G Sk^ and g G be primitive newforms. 
Then the Rankin convolution of / and g is given by 

(3.3) :^nd-(l-^"*-^"^ ( ) « ( ? ) y- 

More generally, let /io,/ii, ■ ■ ■ , fJ'n be the p-Satake parameter of the Hecke eigenform 
F E S]^. These are complex numbers, which are unique up to the action of the Weyl 
group of the symplectic group and /io/^i ■ . . . ■ fin = This is compatible 

with our normalization of the Hecke operators. Because of the Satake isomorphism we 
can also define the spinor and the standard L-function via these parameters. The local 
L-factors are 

(3.4) L,{s,F) := (l 

(3.5) Lp{s,F,st) := (l 

Then the spinor L-function L{s, F) is equal to Yip Lp{s, F) and the standard L-function 
is defined via 



f ap \\ 
V < / ^ 



n 

- f^op^') n n ~ ^0^*1 ■ • • • ■ ^^irP'') 

r=l ii<...<ir 

n 

j=i 



(3.6) 



L{s,F,st) ■.= Y[Lp{s,F,st). 
p 
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The spinor L-function can also be defined by formal power series related to the Hecke 
operators T(p'^)*^") in the following way: 

(3.7) f;r(/)0.u-..SC|)^ 



d=0 



where Pp{X) and Qp{X) are polynomials of degree 2" — 2 and 2" with coefficients in 
the Hecke algebra. The denominator polynomial Qp{X) is directly related to the local 
L-factor of the spinor L-function. In the case n = 1 we have 

(3.8) Qp{X) = l-T{p)X+pT^{p')X\ 

If we replace the operators by the eigenvalues we obtain the polynomial Qp^p{X). Here 
we drop the index {n) to simplify notation. Hence Lp{s,F) = Qp.f{p~'^)~^ ■ For n = 2 
we have 

1 - T{p)X + {T{pf+p{p' + l)T^{p')) X'-p'T{p)T,{p')X'+p%Up')Yx\ 

The case n = 3 is complicated. It had been first given by Andrianov [Ij, in connection 
with a proof of the conjecture of Shimura related to the symplectic group of genus 3. 
We have Qp{X) = Em=o(-l)" ^(m) X™ with 

(3.9) c(0) = 1, 

(3.10) c(l) = T{p), 

(3.11) c(2) = p(T,ip') + ip' + l)T2{p') + {p' + lfUp')), 

(3.12) c(3) = p'Tip)(T,ip')+Up')), 

(3.13) c(4) = p'{T{pfn{p')+T,{py~2pn{p')nip') 

-2{p - l)T2(/)T3(p2) - (/ + 2p' + 2p' + 2p- l)T,{py^, 

(3.14) c(5) = /T3(p2)c(3), 

(3.15) c(6) = p''Ts{p'fci2), 

(3.16) c(7) = pi«T3(/)Ml), 

(3.17) c(8) = p''T,{p')\ 

We have listed these coefficients explicitly, and double- checked them, since we need the 
exact values to prove the Miyawaki conjecture. 
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The degeneration of the spinor L-function L{s, F) given in (13 .ip of the Hecke eigen- 
form F G S*^, where k = k + 2, is equivalent to the following formulas of the eigenvalues: 

Xpinip')) = p'^^'', 

Xf{T2{p')) = af{p)Y--' + a,{p)p'^^'-/'-'{p+l)-p"^~''{p' + l), 
A^(Ti(p2)) = afip)\ip)p''^/'-\p + l) + ajip)Y^~\p'-l) 
+ag{p)Y'-^ - ag{p)p^^+^^'^-\p' + l)(p + 1) 

V""'°(p' + i)(p-i)- 

We have aheady proven the formula for \f{p)- For this we employed the Fourier- 
Jacobi model of Ikeda hfts introduced by Hayashida, in the style of the Maass lifts in 
the setting of Saito-Kurokawa hfts. Moreover we discovered Hecke duality properties 
of the Witt operator on Ikeda lifts of degree 4 and the involved puUback components. 
The formula for XpiT^ip^)) is obvious and does not depend on the Miyawaki property. 
The operator T^{p'^) has only one left coset Fa pig. Hence F\i^T^{p^) is equal to p3K-i2^_ 

Next we want to prove the formula for the eigenvalue \f{T2{p'^). This may be 
possible by studying the formal power series Yl'iLi more detail. We choose 

a different way which works for Miyawaki lifts for degrees larger than 3, too. 

Recall the following notation. Let F & he the Miyawaki lift of the Ikeda lift 
G G 5*^ and the primitive newform / G 5*^ be given. Here k = k + 2 and G is the lift 

of the primitive newform g G S2k- Let be the parameters of g and (^Pjifl, Pi^j^ 

be the Satake parameters of /. We drop the index p to simplify notation. Further, the 
Satake parameters of G related to the standard zeta function had been determined by 
Ikeda [9J using representation theory. Let /x^, /if , /x^, /if be the Satake parameter of 
G. Then we can choose uniquely (up to the action of the symplectic Weyl group): 

/if = 

/if = ay'/\ 
These equations determine /if for every prime p up to sign. 

(3.18) (;,f)^=p3.-7/^/. 

Next we claim that we can determine the Miyawaki formula for T2(p^) from formula 
(13.101) and fl3.12p . Let S{a, b,c) := l + a + b + c + ab + ac + bc + abc, then 

(3.19) f^^s[p(,a^p'/',{a^r'p'/') = Mp). 
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Further, let the polynomial T{a, b, c) be given by: 

ab{c + ah + ac + be + abc) + ac{ab + ac + bc + abc) + aab{ac + bc + abc) 
+aac{bc + abc) + abcabc + bc{ab + ac + be + abc) + bab{ac + be + abc) 
+bac{bc + abc) + bbcabc + cab{ac + be + abc) + cac{bc + abc) 
+cbcabc + abac{bc + abc) + abbcabc + acbcabc + a{b + c + ab + ac + bc + abc) 
+6(c + ab + ac + bc + abc) + c{ab + ac + bc + abc) + ab{ac + bc + abc) 
+ac{bc + abc) + bcabc. 

Then we obtain from (13.131) the equation 

(/.o^)^T(/5f,aV/^(a^)-VV2) 

(3.20) = p's[(3i, aV/^ {a^)-' p'^') (a^(T2(/)) 4 

Let Xf{p) 7^ then we can conclude 

p2T(/5f,aV/2,(af)-'pV2) 



3K-12 



(3.21) Xf{T2{p')) =P y f , f , , , , 
^ ' ^^af;; \(3ls{(3ia9p^l\{a9)-^py^) 

After a straightforward calculation we obtain for the right side of this equation 

p3«-9 (^^/ ^ ^pf^yl ^ 2) + (tt^ + p(2-5)/2^2.-7(p^ 1) - p^^~'\p^ + 1). 

On the other side the Fourier coefficients (if{p),ag{p) are related to the above param- 
eters. We have 

(3.22) af{p)^ = p^-^ [(3i + {(3i)'^ + 2) and a,{p) = p(2-5)/2 (^9 + ^^<;)-i) _ 

Hence the conjecture of Miyawaki has been proven for \f{T2{p'^)) if the the eigenvalue 
\f{p) 7^ 0. Similiar we obtain the expected formula for \f{Ti{p^)) if we evaluate the 
equation (13.111) in two ways and equate them. One way is via the description by Satake 
parameters and the other one is by plugging in the formula already obtained for T2(p^). 

So finally it remains to treat the degenerate case \f{p) = which perhaps does not 
occur, but which we cannot omit, since the generalized Lehmer conjecture has not been 
proven yet. We have Af(p) = a/(p) (o-gip) + p''^^'^ +p''^^'^~^). But since the primitive 

newform g G has the property |ag(p)| < 2p^~ we have Ai?(p) = if and only if 
ttfip) = 0. Assume that af{p) = 0. Then the Satake parameters (/z^, /if , /if', /xf) of F 
are given by 

(3.23) (.(/3f )-^/V^'^-^)/^ /3f , aV/^ (a^)- y/^) , 

with p( = —1 and e = ±1. Since the Satake parameters are only unique up to the 
action of the related symplectic Weyl group, we can choose e = 1, because p( is 
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degenerate and has the value (—1). The p-local factor of L{s,F) in this special case 
can be carried out directly via the Satake parameters. This leads to the predicted 
formulas for the spinor L-function and of the eigenvalues of F. 

3.1. Final remarks. In the paper [12], Murakawa gives two theorems related to the 
spinor L-function of Ikeda lifts (Theorem 3.1) and Miyawaki lifts (Theorem 5.1). Since 
our approach is different it is maybe worthwile to make some comments. 

The Satake parameters of the related standard L-functions are given by Ikeda [8j,[9j. 
To talk about spinor L-function one has first to show that Ikeda lifts and Miyawaki 
lifts are Hecke eigenform for the full Hecke algebra. This is not proven in Ikeda's paper 
[8], since Ikeda had been only interested in the Hecke algebra related to Sp2n(Q) and 
not G^Sp2„(Q). Further one has to determine the sign of the Satake parameter /ig in 
the case of Ikeda and Miyawaki lifts (for Miyawaki lifts one also has to care about the 
non- vanishing) . 

Murakawa first gives a proof of Theorem 3.1. He assumes that fiQ exists. Since 
Murakwa's paper is an extraction of his master thesis in Japanese we may assume 
that the related proof is given there. Then he calculates fio by a method indicated 
by Ikeda in the case of the standard L-function. This works since the related Satake 
parameter can be obtained via equating certain equations in which the involved terms 
are none- zero. 

After stating Theorem 5.1 he indicated that the proof can be given in the same way 
as the proof of Theorem 3.1, if one exchanges the Siegel type Eisenstein series by a 
Klingen type Eisenstein series. Again one first would have to show that the Miyawaki 
lift is a Hecke eigenform for the full Hecke algebra (in our proof we had to use the 
multiplicity one theorem of SL2, hence one may could give a new prove of this by 
applying Murakawa's result, if fully available). Moreover we found out that only if 
Lehmers conjecture is true one could tranfer Lemma 4.1 |12], since in contrast to Ikeda 
lifts the eigenvalues A(p) of Miyawaki lifts could be zero. In the case of F12 we actually 
proved that all X{p) are non- zero if and only if the Lehmer conjecture is true. That 
means even when the Satake paramters Hi, H2, fJ-s of the Miyawaki lift F12 are fixed it 
may happen that /xq is not unique. 
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